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[First paragraph] —- omitted.

When we solve an out flow problem numerically, we cut the infinite solution
domain to a finite scale. One method to decide the value on outflow boundary is
extrapolation. Zero gradient extrapolation has a good stability with low order
accurate; Higher order accurate extrapolations sometimes lose stability. Now
we present an extrapolation (on the boundary) that Preserves TVD for out flow
problems. It obtains both higher order accurate and a good stability. It can be
extended to other schemes.

For a three point TVD scheme, Set Un+1
N on the boundary as

Un+1
N = Un+1

N−1 + sign(∆n+1
N− 1

2
U)min(|∆n+1

N− 1
2
U |, |UnN − Un+1

N−1|) (1)

where ∆n+1
N− 1

2
U is a first order accurately (linearly) extrapolated value minus

Un+1
N−1, or a second order accurately extrapolated value minus Un+1

N−1, or
“min mod”2 of them, then TVD property is preserved.

Theorem 1. Consider the one dimensional hyperbolic conservation law

∂U

∂t
+
∂f(U)
∂x

= 0 (E)

and a 2k + 1 point finite difference scheme of it:

Un+1
i = Uni −∆tf̄(Unk−1, ..., U

n
k+1) (S)
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2min mod(a, b)=sign(a)min(abs(a),abs(b)) when ab > 0, mod(a, b)=0 when ab ≤ 0
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Suppose it is TVD, i. e., for any {Uni },

∞∑
i=−∞

|Un+1
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n+1
i | ≤

∞∑
i=−∞

|Uni+1 − Uni | (2)

and suppose for any i, Uni−1 = Uni = Uni+1 implies Un+1
i = Uni . Then as along

as Un+1
N , ..., Un+1

N+k−1 satisfy
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N − Un+1

N−1|+ ...+ |Un+1
N+k−1 − U

n+1
N+k−2| ≤ |U

n
N+k−1 − Un+1
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we have the TVD property preserved, i. e.,

N+k−2∑
i=−∞

|Un+1
i+1 − U

n+1
i | ≤

N+k−2∑
i=−∞

|Uni+1 − Uni | (4)

Inner point values Un+1
i (i ≤ N−1) are calculated by the finite difference scheme.

Formulae (for k points Un+1
N , ..., Un+1

N+k−1 on/out of the boundary) satisfying (3)
can be given refering to (1).
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